-y, f;ﬁ' "
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Basic Constructions

Objectives

1. Perform seven basic constructions.
2. Use these basic constructions in original construction exercises.
3. State and apply theorems involving concurrent lines.

10-1 What Construction Means

In Chapters 1-9 we have used rulers and protractors to draw segments with
certain lengths and angles with certain measures. In this chapter we will
construct geometric figures using only two instruments, a siraightedge and a
compass. (You may use a ruler as a straightedge as long as you do not use
the marks on the ruler.)

Using a Straightedge in Constructions A B

Given two points A and B, we know from Postulate 6 that there is
exactly one line through A and B. We agree that we can use a straightedge

e ol —_— —_—
to draw AB or parts of the line, such as AB and AB.

Using a Compass in Constructions

Given a point O and a length », we know from the definition of a
circle that there is exactly one circle with center O and radius r. We
agree that we can use a compass to draw this circle or arcs of the
circle. ' 0

Construction 1
Given a segment, construct a segment congruent to the given segment.

Given: AB |
Construct: A segment congruent to AB :l__'__l.g
Procedure:

1. Use a straightedge to draw a line. Call it /. i |
2. Choose any point on / and label it X. ¥ K

3. Set your compass for radius AB. Using X as center,
draw an arc intersecting line /. Label the point of in-
tersection Y.

XY is congruent to AB.
Justification: Since you used AR for the radius of ©OX, XY = AB.

Constructions and Loci / 375
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Construction 2
Given an angle, construct an angle congruent to the given angle.

Given: £ ABC
Construct: An angle congruent to £ ABC

Procedure: B

N —_—
|. Draw a ray. Label it RY.
2. Using B as center and any radius, draw an arc intersecting

ﬁ and ER" Label the points of intersection D and E,
respectively,

3. Using R as center and the same radius as in Step 2, draw

an arc intersecting ﬁ Label the arc ﬁ with § the /"{/

—»
point where the arc intersects RY. R=

4. Using § as center and a radius equal to DE, draw an arc
that intersects X5 at a point Q.
—
5. Draw R(Q.

£ QRS is congruent to £ ABC.

Justification: If you draw DE and 0S, ADBE = A QRS (SSS Postulate).
Then £ QRS = £ ABC.

A
Bt |

Construction 3
Given an angle, construct the bisector of the angle.

Given; L ABC
Construct: The bisector of ~ ABC

Procedure:

l. Using B as center and any radius, draw an arc that
. e —
intersects BA at X and BC at Y.

2. Using X as center and a suitable radius, draw an arc.
Using Y as center and the same radius, draw an arc that
intersects the arc with center X at a point Z.

—
3. Draw BZ.
ETZPbisects L ABC.

Justification: If you draw XZ and YZ, AXBZ = AYBZ (SSS Postulate).
—
Then 7~ XBZ = / YBZ and BZ bisects 7/ ABC.
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Example Given 2 | and / 2, construct an angle whose
measure is equal to m £ 1 + m L2

Solution First use Construction 2 to construct 2 LON .
congruent to / 1. Then use the same method 1
to construct Z MOL congruent to £ 2 (as

shown) so that m Z MON = mZ 1 + mZL2. 0. IE———
LT -t:-' '\-\._-?{'
'x_l __."'. I
) N

In construction exercises, you won’t ordinarily have to write out the procedure

and the justification. However, you should be able to supply them when asked

to do so.

T T e S e N S S S 5 T e T R s e e

Classroom Exercises

1. Given: AJKM M
Explain how to construct a triangle that is /\
congruent to ASKM. J K

2. Draw any AB.
a. Construct XY so that XY = AB,
b. Using X and Y as centers, and a radius equal to AB, draw arcs that

intersect. Label the point of intersection Z.

c. Draw XZ and YZ.
d. What kind of triangle is AXYZ?

3. Explain how you could construct a 30° angle.

4. Exercise 3 suggests thal you could construct other angles with certain
measures. Name some.

5. Suppose you are given the three lengths shown and are r ;

asked to construct a triangle whose sides have lengths
r, 5, and . Can you do so? State the thecorem from
Chapter 6 that applies.

6. 21 and £ 2 are given. You see two attempts at constructing an angle
whose measure is equal to mZ1 + m22. Are both constructions
satisfactory?

mLiOUI=ms 1l +ms2
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Written Exercises

On your paper, draw two segments roughly like those shown. Use these
segments in Exercises 1-4 to construct a segment having the indicated length.

= a Fil
- . - o

.a+ b 2.b—-a 3o 3@ =9 4. a + 2b

1

5. Using any convenient length for a side, construct an equilateral triangle.
6. a. Construct a 30° angle. b. Construct a 15° angle.
=

» Draw any acute AACL/. Use a method based on the SSS Postulate to
construct a triangle congruent to AACU,

8. Draw any obtuse AOBT. Use the SSS method to construct a triangle
congruent to AOBT.

9. Repeat Exercise 7, but use the SAS method.
10. Repeat Exercise &, but use the ASA method.

On your paper, draw two angles roughly like those shown. Then for
Exercises 11-14 construct an angle having the indicated measure.

Waleo

1. x + vy 12. 5 — y 13. 3x 14. 180 — 2y

15. a. Draw any acute triangle. Bisect each of the three angles.

b, Draw any obtuse triangle. Bisect each of the three angles.

¢. What do you netice about the points of intersection of the bisectors in

parts (a) and (b)?

16. Construct a six- pomted star usmg the following procedure.

I. Draw a ray, AB. On AB mark off, in order, points C and D such that
AB = BC = CD.
Construct equilateral AADG,
On AG mark off points E and F so that both AE and EF equal AB.
On GD mark off points A and [ so that both GH and HI equal AB.
To complete the star, draw the three lines ﬁj’, E and H

LU T S UV 8

Construct an angle having the indicated measure.
17. 120 18. 150 19. 165 20. 45

21. Draw any AABC. Construct ADEF so that ADEF ~ AABC and
DE = 248B.

22. Construct a ARST such that RS:ST: TR = 4:6:7.




On your paper draw figures roughly like those shown. Use them in constructing

the figures described in Exercises 23-25.

H 5

L

d

- —y

23. An isosceles triangle with a vertex angle of n° and legs of length d

24. An isosceles triangle with a vertex angle of n° and base of length s

diagonal of length d

C 25. A parallelogram with an #° angle, longer side of length s, and longer

* 26. On your paper draw figures roughly like the ones shown. Then construct
a triangle whose three angles are congruent to 21, £2, and £ 3, and

whose circumscribed circle has radius r.

Biographical Note

Grace Hopper

In 1944 the Mark I, the first
working computing machine,
started operations at Harvard.
It could do three additions per
second; calculations  that
took six months by hand
could now be done in a day.
Today, computers are one bilfion times as fast,
partly because software (programming) has be-
come more efficient, but mostly because of ad-
vances in hardware (electronics) such as the devel-
opment of integrated circuits and silicon chips.

Rear Adm, Grace Hopper, U.S. Navy (Ret.)
worked on that first computing machine and

many others since. After getting her Ph.D. in
mathematics in 1934 from Yale and teaching
for several years, Hopper joincd the Navy in
1943 and was assigned to Harvard as a pro-
grammer of the Mark I In 1957, her work on
making programming faster and easier resulted
in her language called Flowmatic, based on the
novel idea of using English words in a computer
language. The first machine-independent lan-
guage, COBOL, was announced in 1960 and
was based on her language. She continues today
to promote computers and leaming, saying
computers arc the ‘‘first tool to assist man's
brain instead of his arm.”’
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Mixed Review Exercises
Complete.
1. A median of a triangle is a segment from a vertex to the _°_ of the opposite
side.
A quadrilateral with both pairs of opposite angles congruent is a .,

A parallelogram with congruent diagonals is a _*_.

A parailelogram with perpendicular diagonals is a _ "

SN2, § I

If a side of a square has length 3 cm, then a diagonal of the square has
length _*_ cm.

6. The measure of each interior angle of a regular pentagon is _ 7.

10-2 Perpendiculars and Parallels

The next three constructions are based on a theorem and postulate from eartier
chapters. The theorem and postulate are repeated here for your use.

(1) If a point is equidistant from the endpoints of a segment. then
the point lics on the perpendicular bisector of the segment.

(2) Through any two points there is exactly one line.

—— p——
Construction 4
Given a segment, construct the perpendicular bisector of the segment.
Given: AB A «B
Construct: The perpendicular bisector of AB
Procedure:
1. Using any radius greater than 3AB, draw four arcs of YA
equal radii, two with center A and two with center 1
B. Label the points of intersections of these arcs X
and ¥,
< — Al - - 7
2. Draw XY.

XY is the perpendicular bisector of AB.

s

Justification: Points X and ¥ are equidistant from A and
-
B. Thus XY is the perpendicular bisector
of AB.

Note that you can use Construction 4 to find the midpoint of a segment.
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Construction 5

Given a point on a line, construct the perpendicular to the line at the given

point. :

Given: Point C on line &
Construct: The perpendicular to & at C

Procedure:

1. Using C as center and any radius, draw arcs intersecting
kat X and Y.

2. Using X as center and a radius greater than CX, draw
an arc. Using ¥ as center and the same radius, draw

an arc intersecting the arc with center X at a point Z.

3. Draw CZ.
CZ is perpendicular to k at C.

Justification: You constructed points X and ¥ so that C is equidistant from X
and ¥. Then you constructed point Z so that Z is equidistant from

X and Y. Thus CZ is the perpendicular bisector of X¥, and

CZ L katC.

Construction 6

Given a point outside a line, construct the perpendicular to the line from the

given point.

Given: Point P outside line k
Construct: The perpendicular to & from #

Procedure:

1. Using P as center, draw two arcs of equal radii that
intersect & at points X and Y.

2. Using X and ¥ as centers and a suitable radius, draw
arcs that intersect at a point Z.

3. Draw <P—Z>
PZ is perpendicular to k.

Justification: Both P and Z are equidistant from X and
Y. Thus PZ is the perpendicular bisector
— >
of XY, and PZ 1 k.

71

l;"r

P |
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Construction 7

Given a point outside a line, construct the parallel to the given line through
the given point.

Pe
Given: Point P outside line &
Construct: The line through P paralle] to &
Procedure:
. R -
1. Let A and B be two peints on line k. Draw PA. /
2. At P, construct 2 1 sothat / 1 and /. PAB are congru- P
efit corresponding angles. Let / be the line containing /
the ray you just constructed. p \
"t =
! is the line through P parallel to k. -3
Justification: If two lines are cut by a transversal and / 1'|’_,
corresponding angles are congruent, then 1/ =1 B

the lines are parallel. (Postulate 11)

Classroom Exercises
1. Suggest an alternative procedure for Construction 7  that  uses
Constructions 5 and 6.
Describe how you would construct each of the following.

2. The midpoint of BC

The median of AABC that contains vertex B A
The altitude of AABC that contains vertex 8 R
The altitude of AABC that contains vertex A

. The perpendicular to BC at C
A square whose sides each have length AC

A square whose perimeter equals AC

N N

A right triangle with hypotenuse and one leg equal to AC and BC,
respectively

10. A triangle whose sides are in the ratio 1:2:\/5




A

Exercises 11-13 will analyze the following problem.

Given: Line !, points X and ¥
Construci: A circle through ¥ and tangent to [ at X

Constructions and Loci | 383

nl}

If the problem had been solved, we would have a diagram
something like the one shown.

11. Where does the center of the circle lie with respect to [
line { and point X? ' .

12. Where does the center of the circle lie with respect to b
xr?

13. Explain how to carry out the construction of the circle. X

Written Exercises
Draw a figure roughly like the one shown, but larger. Do the indicated
construction clearly enough so that your method can be understood easily.

1. The perpendicular to { at P 2. The perpendicular to [ from §
/ *5
P 1
3. The perpendicular bisector of JK 4. The parallel to [ through T
o7

; X ;
5. The parallel to ED through F 6. The perpendicular to BA at A

E J# B c
7. The perpendicular to EI" from G K. A complement of £ KMN

/G /K
H J M N
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Construct an angle with the indicated measure.

9.
11.

13.

14.

15.

16.

45 10. 135
223 12. 105
Draw a segment AB. Construct a segment XY whose length equals $AB.

a. Draw an acute triangle. Construct the perpendicular bisector of each
side.

Do the perpendicular bisectors intersect in one point?

Repeat parts (a) and (b) using an obtuse triangle.

Draw an acute triangle. Construct the three altitudes.

. Do the lines that contain the altitudes intersect in one point?

Repeat parts (a) and (b) using an obtuse triangle.

Draw a very large acute triangle. Construct the three medians.
Do the lines that contain the medians intersect in one point?
Repeat parts (a) and (b) using an obtuse triangle.

pEP rTE g

On your paper draw figures roughly like those shown. Use them in constructing
the figures described in Exercises 17-24.

17.
18.
19,
20.
21.
22%
23.
24.

25,

26.

A parallelogram with an »° angle and sides of lengths @ and b

A rectangle with sides of lengths a and &

A square with perimeter 2a

A rhombus with diagonals of lengths a and b

A square with diagonals of length &

A segment of length Vg + &

A square with diagonals of length »\/2

A right triangle with hypotenuse of length a and one leg of length b
Draw'_a segment and let its length be 5. Construct a segment whose length
is 53,

Draw a diagram roughly like the one shown, Witho_ui laying your straightedge
across any part of the lake. construct more of RS.

7.‘.11r
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27. Draw three noncollinear points R, §, and T. Construct a triangle whose

sides have R, §, and T as midpoints. (Hint: How is RT related to the side
of the triangle that has S as its midpoint?)

28. Draw a segment and let its length be 1.

_?_; = ‘-,; . ;
. Challenge

a.
b.

c.

Construct a segment of length V5.

Vi 1+ A5

T

Construct a golden rectangle (as discussed on page 253) whose sides
. . 1+ V5

are in the ratio |: ——%

1
Construct a segment of lengthi +

Given AB, its midpoint M, and a point Z outside AB, use only
a straightedge (and ne compass) to construct a line through

Z parallel to H (Hint: Use Ceva’s Theorem, Exercise 33,
page 273.)

R R O D T R ST M A

LA

e

Explorations

These exploratory exercises can be done using a computer with a program
that draws and measures geometric figures.

1. Draw any AABC. Draw the bisectors of the angles of the triangle. They
should intersect in one point. Draw a perpendicular segment from this
point to each of the sides. Measure the length of each perpendicular
segment. What do you notice?

. a.

b.

C.

Draw any AABC. Draw the three medians. They
should intersect in one point. as shown in
the diagram at the right. Find the ratios
AG BG
AD’ BE’

Draw any acute AABC. Draw the perpendicular bisector of each side
of the triangle. They should intersect in one point. Measure the distance
from this point of intersection to each of the vertices of the triangle.
What do you notice?

Repeat using an obtuse triangle and a right triangle. Ts the same result
true for these triangles as well?

In a right triangle, the perpendicular bisectors of the sides intersect in
what point?

CG
and CF What do you notice

EID

R R R S R S R R
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10-3 Concurrent Lines

When two or more lines intersect in one point, the lines are said to be concurrent.
For example, as you saw in Exercise 15, page 378, the bisectors of the angles
of a rriangle are concurrent.

— —= S— —
Theorem 10-1
The bisectors of the angles of a triangle intersect in a point that is equidistant
from the three sides of the triangle.
Given: AABC; the bisectors of £ A, £ B, and 2 C c
Prove: The angle bisectors intersect in a point; that point is
equidistant from AB, BC, and AC.

Proof:

The bisectors of £ A and £ B intersect at some point /. We will

show that point / also lies on the bisector of / C and that { is

equidistant from AB, BC and AC. ¢
Draw perpendiculars from f intersecting E, BC, and AC at R,

S, and T, respectively. Since any point on the bisector of an angle

is equidistant from the sides of the angle (Theorem 4-7, page 154),

fI' = IR and [R = IS. Thus {T = [S. Since any point equi- T g

distant from the sides of an angle is on the bisector of the angle

{Theorem 4-8, page |54}, { is on the bisector of 2 C. Since 4 3

IR = IS = IT, point I is equidistant from AB, BC, and AC. R

In Exercises 14—16, page 384, vou discovered three other sets of concurrent
lines related to triangles: the perpendicular bisectors of the sides, the lines
containing the altitudes, and the medians. As you can sec in the diagrams
below, concurrent lines may intersect in a point outside the triangle. The
intersection point may also lie on the triangle (see Classroom Exercise 4,
page 388).

Perpendicular bisectors Lines containing altitudes




Constructions and Loci | 387

Theorem 10-2

The perpendicular bisectors of the sides of a triangle intersect in a point that

is equidistant from the three vertices of the triangle.

Given: AABC; the L bisectors of AB, EE, and AC

Prove: The L bisectors intersect in a point; that point is equi-
distant from A, B, and C.

Proof:

The perpendicular bisectors of AC and BC intersect at some
point 0. We will show that point O lies on the perpendicular
bisector of AB and is equidistant from A, B, and C.

Draw OA, OB, and OC. Since any point on the perpen-
dicular bisector of a segment is equidistant from the endpoints
of the segment (Theorem 4-5, page 153), 0A = OC and
OC = OB. Thus OA = OB. Since any point equidistant from
the endpoints of a segment lies on the perpendicular bisector
of the segment (Theorem 4-6, page 153), O is on the perpen-
dicular bisector of AB. Since OA = OB = OC, point O is
equidistant from A, B, and C.

The following theorems will be proved in Chapter 13.

Theorem 10-3

The lines that contain the altitudes of a triangle intersect in a point.

Theorem 10-4

The medians of a triangle intersect in a point that is two thirds of the distance

from each vertex to the midpoint of the opposite side.

According to Theorem 10-4, if AM, BN, and CO are
medians of AABC, then:
AX = 3AM
XN = 38BN
CX:X0:Co = 2:1:3

The points of intersection described in the theorems in this section are
sometimes called the incenter {point where the angle bisectors meet), circumcenter
(point where the perpendicular bisectors meet}, orthocenter (point where the

altitudes meet), and centroid (point where the medians meet).
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Classroom Exercises

1. Draw, if possible, a triangle in which the perpendicular bisectors of the
sides intersect in a point with the location described.
a. A point inside the triangle b. A point outside the triangle
¢. A point on the triangle

2. Repeat Exercise 1, but work with angle bisectors.

3. Is there some kind of triangle such that the perpendicular bisector of each
side is also an angle bisector, a median, and an altitude?

4. AJAM is a right triangle. J

a. Is JM an altitude of AJAM?

b. Name another altitude shown.

¢. In what point do the three altitudes of AJAM meet?

d. Where do the perpendicular bisectors of the sides of A A
AJAM meet?

€. Does your answer to (d) agree with Theorem 10-2?

5. The medians of ADEF are shown. Find the lengths indicated.
a. Ep = _1 b. PR =
c. If FT = 9, then PT = _2_and FP = _°
6. Given: RJ and SK are medians of ARST:
X and Y are the midpoints of RG and SG.
a. How are XY and RS related? Why?
. How are K7 and RS related? Why?

How are KJ and XY related? Why?

. What special kind of quadrilateral is XYJK? Why?
. Why does XG = GJ?

Explain why RG = %RJ.

me s F

Written Exercises

A 1. Draw a triangle such that the lines containing the three altitudes intersect
in a point with the location described.
a. A point inside the triangle b. A point outside the triangle
¢. A point on the triangle

Exercises 2-5 refer to the diagram in which the medians of a triangle are
shown,

2. Find the values of x and y. A

3.IfAB = 6, then BP = _?_and AP = _7_ 4‘
4. IFAB = 7, then BP = _2_and AP = _?_ TR EN\
5

LAfPB = 1.9, then AP = 7 _and AB = _* . 7]




B
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6. Use a ruler and a protractor to draw a regular pentagon. Then construct

the perpendicular bisectors of the five sides.

7. Draw a regular pentagon as in Exercise 6. Construct the angle bisectors.

8. Draw any large AABC and construct equilateral
triangles on each of the sides as shown.

b. Draw the three segments connecting these

g d_,__-f"’;..".

o = ~ .l'll
a. In each of the three equilateral triangles, I /
construct any two medians and find their <’ /
point of intersection. S ."'I.
BY, / i

three points of intersection.
¢. What appears to be true about the triangle
you drew in part (h)?

9. Three towns, located as shown, plan to build one recreation
center to serve all three towns. They decide that the fair
thing to do is to build the hall equidistant from the three
towns. Comment about the wisdom of the plan.

10. See Exercise 9. Locate three towns so that it isn’t possible
to find a spot equidistant from the three towns.

11. In the figure, AD and BE are congruent medians of AABC.
a. Explain why GD = GE.
b. GA =
c. Name three angles congruent to £ GAB.

E, Eﬁ, and CW are the medians of AABC.

12. If AP = x* and PU = 2x, then x = _*_.
13.If BP =y + 1 and PV =y + 2, then y = _*_or
7

y = —

14. If CW =222 — 52 — 12 and CP = 2" — 15, then
z=_" and PW = _°

15. ABCD 1s a parallelogram with M the midpoint of CD. If
BM intersects AC at X, prove that CX = JAC.
{(Hint: Draw BD.)

16. Prove that if two of the medians of a triangle are congruent,
then the triangle is isosceles.

17. In the plane figure, point P is equidistant from R, §, and
T. Describe the location of the following points in the
plane.

a. Points farther from both R and § than from T
b. Points closer to both R and § than to T

L O 4

\ /
W

o X

oy L4
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Self-Test 1

. Draw any CD. Construct the perpendicular bisector of CD.

. Construct a 60° angle, £ RST, and its bisector, @

Draw a large acute AABC. Then construct altitude AD from vertex A.
Draw line 1 and choose any point P that is not on line . Construct Fé [l 2.
Draw any,ﬁ. Construct rectangle JKLM so that JK = 24B and KL = AB.

Name four types of concurrent lines, rays. or segments that are associated
with triangles.

R

7. The perpendicular bisectors of the sides of a right triangle intersect in a
point located at .

8. The medians of equilateral AABC intersect at point X. If AD is a median
and AB = 12, then AX = " _and XD = _*__

Center of Gravity

The center of graviry of an object is the B
point where the weight of the object is
focused. If you lift or support an object,
you can do this most easily under its center ;
of gravity. I

A mobile is either hung or supported y o
. . . L g
at its center of gravity. In planning a mo- e
bile, a sculptor must take into account the ‘l“‘

centers of gravity of the component parts.

If an object is not supported under its center of gravity,
it becomes unstable. Suppose you hold a heavy bar in one ) /
hand. If you support it near the center of gravity, it will

be easy to hold (Figure 1). To support it at one end requires #’?:nm
more effort (Figure 2), since the pole tends to turn until

the center of gravity is directly below the point of support c

(Figure 3). ———=—=2{J)
The center of gravity may be inside an object or outside > Fi

of it. The center of gravity of an ice cube is in the middle /Q‘\

of the ice, but the center of gravity of an automobile tire \.{\

is not in a part of the tire itself. S
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Exercises

1.

For this experiment, cut out a large, irregularly shaped
piece of cardboard.

a.

a.

b.

Near the edge, poke a hole just large enough to
allow the cardboard to rotate freely when pinned
through the hole.

Pin the cardboard through the hole to a suitable wall
surface. The piece of cardboard will position itself
so that its center of gravity is as low as possible.
This means that it will lic on a vertical line through
the point of suspension. To find this line, tic a
weighted string to the pin. Then draw on the card-
board the line determined by the string.

Repeat parts (a) and (b) but use a different hole. The center of gravity
of the cardboard ought to lie on both of the lines you have drawn and
should therefore be their point of intersection. The cardboard should

balance if supported at this point.

of the three vertices.

If you worked carefully, all three lines drawn intersect in one
point, the center of gravity of the cardboard. This point is also
referred to as the center of mass or the centroid of the cardboard.
Study the lines you have drawn and explain why in geometry the
point of intersection of the medians of a triangle is called the

cenfroid of the triangle.

. Cut out a piece of cardboard in the shape of a large scalene triangle.
Follow the steps of Exercise 1 using three holes, one near each 1

. Do you think that the center of gravity of a parallelogram is the point

where the diagonals intersect? Use the technique of Exercise 1 to test this
idea.

R R e S R SR B R

Mixed Review Exercises

AB is tangent to ©0 at B. Complete.
1. If the radius of ©O is 5 and AQ = 13, then

AB = _°

If mAACO = 90 and AB = 10, then AC is

_? to @O at C and AC = _

. A triangle circumscribed about a circle intersects the

circle in how many points?

. Quad. QRST is inscribed in a circle. If

mZQ = 39, find m2S§.

I 5 R T S T e T e R e e R R




392 / Chapter 10

Explorations

These exploratory exercises can be done using a computer with a program
that draws and measures geometric figures.

1. Inscribe a circle D inside a AABC. Draw ﬁ, DB, and DC Compare the
measures of ZABRD and ZABC, ZACD and 2 ACB, ZBAD and
£ BAC. What do you notice? What type of lines intersect at the center
of a circle inscribed in a triangle?

2. Circumscribe a circle D about a AABC. Draw perpendicular segments
from D to ,ﬁ, BC, and CA, intersecting the sides at £, ¥, and G, respectively.
Compare the lengths of AE and AB, BF and BC, and CG and CA. What
do you notice? What type of lines intersect at the center of a circle
circumscribed about a triangle?

More Constructions

Objectives
I. Perform seven additional basic constructions
2. Use the basic constructions in original construction exercises.

10-4 Circles

Construction 8

Given a point on a circle, construct the tangent to the circle
at the given point.

A

Given: Point A on O
Construct: The tangent to OO at A
Procedure:

——
1. Draw OA,

—

2. Construct the line perpendicular to OA at A. Call it r.
Line ¢ is tangent to 00 at A,

Justification: Because r is perpendicular to radius OA at A,
£ is tangent to (DO,
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Construction 9
Given a point outside a circle, construct a tangent to the circle from the given
point.

Given: Point P outside OO
Construct: A tangent to Q¢ from P

O /&
Procedure:
1. Draw OP.
2. Find the midpoint M of OP by constructing the J
perpendicular bisector of OF. /_,
3. Using M as center and MP as radius, draw a circle that ~—~_ A F By
intersects 2O in a point X. ~ b

4. Draw PX. —rTTl“r; o
PX is tangent to OO from P. P_J‘rj, not drawn, is the other :
tangent from 7. A S
Tustification: If you draw OX, £ OXPis 1nscr1bed in a semicircle. by 4

Then ./_ (OXP is a right angle and PX L OX. Be- |

cause PX is perpendlcular to radius OX at its

outer endpoint, PX is tangent to OO,

—_— — —
Construction 10
Given a triangle, circumscribe a circle about the triangle.

c
Given: NABC
Construct: A circle passing through A, B, and C
A B

Procedure:

1. Construct the perpendicular bisectors of any two sides of
HABC. Label the point of intersection O.

2. Using O as center and OA as radius, draw a circle.

Circle O passes through A, B, and C.

Justification: See Theorem 10-2 on page 387.
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Construction 11
Given a triangle, inscribe a circle in the triangle.

Given: HNABC
Construct: A circle tangent to EE, E, and AC

Procedure: A B

1. Construct the bisectors of /A and 2 B.
Label the point of intersection [.

2. Construct a perpendicular from / to AB,
intersecting AB at a point R.

3. Using ! as center and IR as radius, draw
a circle.

Circle [ is tangent to E, %, and AC.

Justification: See Theorem 10-1 on page 386.

R R e A e R S R A S S s R N SR

B e T T e A S

Classroom Exercises

1. Explain how to find the midpoint of AB. 3
2. Explain how to construct the center of the circle containing /\

points A, B, and C. A G

K
3. Explain how to find the line described. ‘
a. Parallel to RS and passing through P
b. Parallel to RS and tangent to &P

4. Here you see a common method for using just one compass
setting for drawing a circle and dividing the circle into six
congruent arcs. Explain how the method works.

5. Suppose a circle is given. Explain how you can use the
method of Exercise 4 to inscribe an equilateral triangle in the
circle.

6. Suppose the construction of Exercise 4 has been carried out.
Explain how you can then inscribe a regular twelve-sided polygon
in the circle.




A
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A student intends to inscribe a circle in
ARST. The center / has been found as
shown. How should the student find the
radius needed?

Written Exercises

In Exercises 1 and 2 draw a diagram similar to the one shown, but larger.

1.
2.

12,
13.
14.
15.

Construct a tangent at A,

o
Construct two tangents from P. G -
. Draw a targe acute triangle. Construct the cir-
cumscribed circle.
Construct a large right triangle. Construct the
circumscribed circle.
Draw a large obtuse triangle, Construct the circumscribed circle.
Draw a large acute triangle. Construct the inscribed circle.
Construct a large right triangle. Construct the inscribed circle.
Draw a large obtuse triangle. Construct the inscribed circle.
Draw a circle. Inscribe an equilateral triangle in the circle.
Draw a circle. Inscribe a square in the circle.
. a. Draw a circle. Inscribe a regular octagon in the circle.
b. How would you use your construction in part (a) to create
an eight-pointed star as shown at the right?
Draw a circle. Circumscribe a square about the circle. Ex. 11{(b)

Construct a square. Circumscribe a circle about the square
Construct a square. Inscribe a circle in the square.

Draw a circle. Circumscribe an equilateral triangle about the circle.

In each of Exercises 16 and 17 begin with a diagram roughly
like the one shown, but larger.

16.

17.

18.

Construct a line that is parallel to line !/ and tangent to

DO0.

Construct a line that is perpendicular to line / and tangent
te CO.

Construct three congruent circles, each tangent to the other two circles.
Then construct an equilateral triangle, each side of which is tangent to
two of the circles.
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In Exercises 19-21 begin with two circles P and @ such that OP and ©Q
do not intersect and @ is not inside ©P. Let the radii of OP and OQ be p
and g respectively, with p > 4.

19. Construct a circle, with radius equal to PQ, that is tangent to P and
©Q.

20. Construct a common external tangent to OP and ©@. One method is
suggested below.

1. Draw a circle with center P and radius p — g.
2. Construct a tangent to this circle from @. and call the point of tan-
gency Z.
1 =7 R .
3. Draw PZ. PZ intersects OP in a point X.
4. With center X and radius ZQ, draw an arc that intersects 00 in a
point Y.
-
5. Draw XY.

As a justification for this construction, you could begin by drawing oY,
Then show that XZQV is a rectangle. The rest of the justification is easy.

21. Construct a common internal tangent to OP and OQ. (Hint: Draw a circle
with center P and radius p + g.)

10-5 Special Segments

Construction 12

Given a segment, divide the segment into a given number of congruent parts.
(3 shown)

Given: AB Ae

Construct: Points X and Y on A so that
AX = XY = YB

Procedure:

l. Choose any point Z not on AB. Draw E .

2. Using any radius, start with A as center and Aw "t.'f'
mark qff R, S, and T so that AR = RS = ST. x“ﬂﬁ{ - Jf

3. Draw TB. - ' &"x.‘;" -

4. At R and § construct lines parallel to 7B, Y

intersecting AB in X and Y.
AX, XY, and YB are congruent parts of AB.

Tustification: Since the parallel lines you constructed cut off congruent segments
on transversal AZ, they cut off congruent segments on transversal
AB. (It may help you to think of the parallel to TB through A.)
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Construction 13

Given three segments, construct a fourth segment so that the four segments
are in proportion.

Given: Segments with lengths a, b, and ¢ A (B = b
@

Construct: A segment of length x such thatE - i

Procedure:

1. Drawﬁgn L HiJ. . e ; " U B
2. On IJ, mark off IR = a and RS = b. 5 T e
3 — ~
3. On {H, mark off IT = ¢. x.\/f. /,/

4. Draw RT. R //’
— — -
5. At S, construct a parallel to RT, intersecting IH A d
in a point U. N
5 ‘\
— a ¢ PR
TU has length x such thatg == '
X

Justification: Because RT is parallel to side SU of ASIU, RT divides the other

two sides of the triangle proportionally. Thcrefore,‘;)—I ==
5

Construction 14
Given two segments, construct their geometric mean.

Given:  Segments with lengths a and b === o b =

X

1l

a
Construct: A segment of length x such that — b
X

(or x = V%)
Procedure: 'l '
1. Draw a line and mark off RS = a and ST = b. e -
2. Locate the midpoint O oflﬁ by constructing the per- A |
pendicular bisector of RY. / X

X
3. Using O as center draw a semicircle with a radius e | b \
X N
equal to OR. | L . ]
4. At S, construct a perpendicular to RT. The R s| o !

perpendicular intersects the semicircle at a point Z. |
ZS, or x, is the geometric mean between a and b,

Justification: R’Z—T- is a semicircle. If you draw RZ and E‘, then

ARZT is a right triangle. Since ZS is the altitude to
x

E.

a
the hypotenuse of rt. ARZT, — =
x
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Classroom Exercises
1. Given a segment, tell how to construct an equilateral triangle whose perimeter
equals the length of the given segment.
Draw three segments and label their lengths a, b, and c.

b
2. Construct a segment of length x such that =
a X

3. Describe how to construct a segment of length x such that x = \V2ab.
4. Describe how to construct a segment of length x such that x = \/5ab.
5. Describe how to construct a segment of length x such that x = \/4ab.
Exercises 6—11 will analyze the following problem,
Given: Line ¢; points A and B f
Construct: A circle through A and B and tangent to ¢
+B
'
If the problem had been solved, we would have a diagram A
something like the one shown. P
6. Where does the center of the circle lie with respect to ' . B
AB? N
7. Where does the center of the circle lie with respect to K
line 7 and K, the point of tangency?
Note that we don't have point K located in the given diagram.
Hunting for ideas, we draw AB. We now have a point J, A
which we can locate in the given diagram. «’*_\\
. \B
8. State an equation that relates JK to JA and JB. . . “;_\
, - | UK N
9. Rewrite your equation in the form — = =. g o -
JK ? ;
10. What construction can we use to get the length JK?
In a separate diagram we can mark off the lengths JA and A
JB on some line [ and then use Construction 14 to find x "\_x
such that L J—% Once we have x, which equals JK, we \“g
X

return to the given diagram and draw an arc to locate K.

11. Explain how to complete the construction of the circle.
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Written Exercises

A R T Y S R R el e T I e R U SRR B B R R

In each of Exercises 1-4 begin by drawing AB roughly 15 em long.

A 1. Divide AB into three congruent segments.
2. a. Use Construction 12 to divide AB into four congruent segments.

h. Use Construction 4 to divide AB into four congruent segments.

3. a. Use Construction 12 to divide AB into five congruent segments.

b. Can Construction 4 be used to divide AB into five congruent segments’

¢. Divide AB into two segmenlts that have the ratio 2:3.

4. Divide AB into two segments that have the ratio 3:4.

On your paper draw four segments roughly as long as those shown below.
Use your segments in Exercises 5-14. In each exercise construct a segment
that has length x satisfying the given condition.

W i

6. 2 =12 7. x = \Vyp 8. 3x = w + 2v
x

= |t

B 9. zx = wy (Hinr: First write a proportion that is equivalent to the given
equation and has x as the last term.)

10. x = £ 1L x = $Vip 12, x = 3wz 13. x = Véyz
14. Construct AB, with AB = p. Divide AB into two parts that have the ratio

wiy.
15. Draw a segment like the one shown and let its length be 1. _

Use the segment to construct a segment of length v/15. —
16. a. If x = aV\/n, then x is the geometric mean between @ and !

b. Draw a segment about 3 cm long. Call its length a. Use your results

from part (a) to construct a segment of length a\/n for n = 2, 3. and 4.

C 17. Draw €D about 20 ¢m long. Construct a triangle whose perimeter is equal

to CD and whose sides are in the ratio 2:2:3.
* 18. To trisect a general angle G, a student tried this procedure:

1. Mark off GA congruent to GB.
2. Draw AB.
3. Divide AB into three congruent parts using Construction 12.
4. Draw GX and GY.
Show that the student did not trisect / G. (Hint: Show that

GA > Y. Then use an indirect preof te show that
ms2#+Fmzsl)
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Career

Accountant

An accountant is a financial
expert. Accountants study and
analyze a company’s Or an or-
ganization’s overall financial
dealings. They prepare many
different kinds of financial
reports. These include profit-
and-loss staternents, which
summarize the company’s
earnings for a given period

of time, and balance sheets,
which state the current net
worth of the company. An-
other important accounting
function is the preparation of
tax reports and statements. A
company’s owners Or managers
rely on the accountant’s reports

to determine whether the com-
pany is operating efficiently
and profitably, and where im-
provements can be made.
Accountants are usually
college graduates with a major
in accounting. They often
begin work as junior account-
ants. After sufficient work
experience they take an exami-
nation in order to become
certified. Upon passing this
examination, an accountant
becomes a certified public
accountant, or CPA. Further

carcer advancement may lead
to promotion to $enior ac-
countant, specializing i areas
such as cost accounling ot au-
diting. Advancement in a dif-
ferent direction may lead to a
financial policy position such
as that of contreller or to start-
ing an independent accounting
company.
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Self-Test 2
1. Draw a large @0. Choose a point A that is outside ©O. Construct the
two tangents to (OO from point A.

2. Draw a very large obtuse triangle. Construct the inscribed circle.

3. Draw a segment about half as long as the width of your paper. Then
divide the segment by construction into two segments whose lengths have
the ratio 2:1.

AB _AC

BC ~ DE’

5. Use AABC drawn in Exercise 4 to construct a segment, @ whose length
is the geometric mean of AB and AC.

4. Draw a large AABC. Then construct DE such that

6. You are given ©OF and diameter FG. To construct parallel tangents to

* and a line that

©S§, you could construct a line that is _ 2 _ to FG at
is _?_to FG at _7__.

7. You are given ATRI. Describe the steps you would use to circumscribe
a circle about ATRI.

Locus

Objectives

. Describe the locus that satisfies a given condition.
2. Describe the locus that satisfies more than one given condition.
3. Apply the concept of locus in the solution of construction exercises.

10-6 The Meaning of Locus

A radar system is used to determine the po-
sition, or locus, of airplanes relative to an
airport. In geometry locus means a figure that
is the set of all points, and only those points,
that satisfy one or more conditions.
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Suppose we have a line & in a plane and wish to picture the locus of points
in the plane that are 1 ¢m from k. Several points are shown in the first diagram
below.

L t - -
| ¢m
k 1
]
I cm

All the points satisfying the given conditions are indicated in the next diagram.
You sec that the required locus is a pair of lines parallel to, and 1 cm from, k.

1;--?1 et
g

3

Suppose we wish to picture the locus of points 1 cm from & without requir-
ing the points to be in a plane. The problem changes. Now you need to con-
sider all the points in space that are 1 cm from line k. The required locus is a
cylindrical surface with axis &£ and a | cm radius, as shown below. Of course,
the surface will extend in both directions without end, just as line & does.

When you are solving a locus problem, always think in terms of three
dimensions unless the statement of the problem restricts the locus to a plane.

* e e A i AN el T T T LW T T O ST R s =F - S —IEEIF TR

Classroom Exercises

1. Draw a point A on the chalkboard.
a. Draw several points on the chalkboard that are 20 cm from A.
b. Draw all the points on the chalkboard that are 20 cm from A.
¢. Complete: The locus of all points on the chalkboard that are
20 cm from point A is 7.
d. Remove the restriction that the points must lie in the plane of
the chalkboard. Now describe the locus.
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2. Draw two parallel lines & and /.

a. Draw several points that are in the plane containing & and ! and are
equidistant from k& and J.

b. Draw all the points that are in the plane containing & and { and are
equidistant from k& and /.

¢. Describe the locus of points that are in the plane of two parallel
lines and equidistant from them.

d. Remove the restriction that the points must lie in the plane of the
two lines. Now describe the locus.

3. Draw an angle.
a. Draw several points in the plane of the angle that are equidistant from
the sides of the angle.
b. Draw all the points in the plane of the angle that are equidistant from
the sides of the angle.
¢. Describe the locus of points in the plane of a given angle that
are equidistant from the sides of the angle.

4. What is the locus of points in your classroom that are equidistant from the
ceiling and floor?

5. What is the locus of points in your classroom that are 1 m from the floor?

6. Choose a point P on the floor of the classroom.
a. What is the locus of points, on the floor, that are 1 m from P?
b. What 1s the locus of points, in the room, that are 1 m from P?

7. What is the locus of points in your class-
room that are equidistant from the ceiling
and floor and are also equidistant from
two opposite side walls?

8. What is the locus of points in your class-
room that are equidistant from the front
and back walls and are also equidistant
from the two side walls?

9. Describe the locus of points on a football
field that are equidistant from the
two goal lines.

10. Draw a circle with radius 6 cm. Use the following definition of distance
Jrom a circle: A point P is x cm from a circle if there is a point of the
circle that is x cm from P but there is no point of the circle that is less
than x cm from P.

a. Draw all the points in the plane of the circle that are 2 cm from
the circle.

b. Complete: Given a circle with a 6 cm radius, the locus of all points in
the plane of the circle and 2 cm from the circle is -7 .

¢. Remove the restriction that the points must lie in the plane of the circle.
Now describe the locus.

11. Make up a locus problem for which the locus contains exactly one point.
12. Make up a locus problem for which the locus doesn't contain any points.
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Written Exercises

Exercises 1-4 deal with figures in a plane. Draw a diagram showing the
locus. Then write a description of the locus.

1. Given two points A and B, what is the locus of points equidistant from A
and B?

2. Given a point P, what is the locus of points 2 cm from P?

3. Given a line h, what is the locus of points 2 c¢m from h?

4, Given @, what is the locus of the midpoints of all radii of &O?

In Exercises 5-8 begin each exercise with a square ABCD that has sides
4 ¢m long. Draw a diagram showing the locus of points on or inside the
square that satisfy the given conditions. Then write a description of the
locus.

5. Equidistant from AR and CD 6. Equidistant from points B and D

7. Equidistant from AB and BC 8. Equidistant from all four sides

Exercises 9-12 deal with figures in space.

9. Given two parallel planes, what is the locus of points equidistant from the
two planes?

10. Given a ptane, what is the locus of points 5 cm from the plane?
11. Given point E, what 1s the locus of points 3 cm from E?

12. Given points C and D. what is the locus of points equidistant from C
and D?

Exercises 13-17 deal with figures in a plane. (Nofe: If a point in a segment
or in an arc is not included in the locus, indicate the point by an open dot.)

13. a. Draw an angle HEX. Construct the locus of points equidistant from
the sides of / HEX.
b. Draw two intersecting lines j and k. Construct the locus of points
equidistant from j and k.
14. Draw a segment DE and a line n. Construct the locus of points whose
distance from #z is DE.

15. Draw a segment AB. Construct the locus of points P such that / APB is
a right angle.

16. Draw a segment CD. Construct the locus of points Q0 such that ACQD
is isosceles with base CD

17. Draw a segment EF. Construct the locus of points G such that AEFG is
isosceles with leg EF.
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Exercises 18-20 deal with figures in space,

18. Given a sphere, what is the locus of the midpoints of the radii of the
sphere?
19. Given a square, what is the locus of points equidistant from the sides?

20. Given a scalene triangle, what is the locus of points equidistant from the
vertices?

21. A ladder leans against a house. As A moves up or down D P
on the wall, B moves along the ground. What path is
followed by midpoint M? (Hint: Experiment with a meter D M
stick, a wall, and the floor.) D

22, Given a segment CD, what is the locus in space of points
P such that m 2~ CPD = 90?

23. A goat is tied to a square shed as shown. Using
the scale 1:100, carefully draw a diagram that = 4 m ”
shows the region over which the goat can graze. I'm ﬂ"

24. A tight wire AC is stretched between the tops of 2m

two vertical posts AB and CD that are 5 m apart
and 2 m high. A ring, at one end of a 6 m leash, 4 m

can slide along AC. A dog is tied to the other s
end of the leash. Draw a diagram that shows the «m
region over which the leashed dog can roam. Use B D
the scale 1:100.

10-7 Locus Problems

The plural of locus is loci. The following problem involves intersections of
loci,

Suppose you are given three noncollinear points, A, B, and C. In the
plane of A, B, and C, what is the locus of points that are | ¢m from A and
are, at the same time, equidistant from B and C?

You can analyze one part of the problem at a time,

.-"'_"_"-u‘__‘ i
."/ j"l
L
.( Aol oM 1 A /
\___/ /
B%
Be
o 1/ [
The locus of points 1 cm from A is The locus of points equidistant from
A with radius 1 cm. B and C is {, the perpendicular bi-

sector of BC.
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The locus of points satisfying both conditions given on the previous page
must lie on both circle A and line /. There are three possibilitics, depending
on the positions of A, B, and C, as shown below.

N/ e /'f' i
Fi ) S Y S \
\ | J
Ae /\ | Ae | [ 4e | /
% f'l: _.I lll\.\ J /
", R b -
'\-.\_\_i_'._,__p-" '--.._\_,_,.,-o-"lrr \\'\-\-_ - x{,
Re ,’f Be i fw .
/ r_,”r /A
[ Il' . (I I| II' .(" ‘I I_.I .C

All three can be described in one sentence:

The locus is two points, one point, or no points, depending on the
intersection of the circle with center A and radius 1 cm and the line that

is the perpendicular bisector of BC.
The example that follows deals with the corresponding problem in three
dimensions.

Example Given three noncollinear points A, B, and C, what is the locus of points 1 ¢cm
from A and equidistant from B and C?

Solution
Ae
Be B
o : C
The first locus is sphere A with The second locus is plane P, the
radius 1 cm. perpendicular bisector of BC.
Possibilities:

The plane might cut the sphere in a circle.
The plane might be tangent to the sphere.
The plane might not have any points in common with the sphere.

Thus, the locus is a circle, one point, or no points, depending on the intersection
of the sphere with center A and radius 1 c¢cm and the plane which is the

perpendicular bisector of BC.
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Classroom Exercises
Exercises 1-4 refer to coplanar figures. Describe the possible intersections
of the figures named.

1. A line and a circle 2. Two circles
3. Two parallel lines and a circle 4, Two perpendicular lines and a circle

5. Consider the following problem: In a plane, what is the locus of points
that are equidistant from the sides of £~ A and are equidistant from two
points 8 and C?
a. The locus of points equidistant from the sides of £ A is
b. The locus of points equidistant from B and C is 7.
¢. Draw diagrams to show three possibilities with regard to points
; that satisfy both conditions (a) and (b).
d. Describe the locus.

?

Exercises 6-9 refer to figures in space. Describe the possible intersections of
the figures named.

6. A line and a plane 7. A line and a sphere
8. Two spheres 9. A plane and a sphere

10. Let C be the point in the center of your classroom (nor the center of the
floor). Describe the locus of points in the room that satisfy the given
conditions.

a. 3 m from C
b. 3 m from C and equidistant from the ceiling and the floor
¢. 3 m from C and 1 m from either the ceiling or the floor

Written Exercises
Exercises 1 and 2 refer to plane figures.

A 1. Draw a new OO for each part. Then place two points A and B outside
(O so that the locus of points on QO and equidistant from A and B is:
a. 2 points
h. 0 points
¢. | point

2. Draw two parallel lines m and n. Then place two points R and § so that
the locus of points equidistant from m and # and also equidistant from R
and § is:

a. 1 point
b. 1 line
¢. O points
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Exercises 3 and 4 refer to plane figures.

3.

Consider the following problem: Given two points D and E, what is the

locus of points 1 ¢m from D and 2 cm from E?

a. The locus of points | cm from D is _?_.

b. The locus of points 2 cm from E is

¢. Draw diagrams to show three possibilities with regard to points that
satisfy both conditions (a) and (b).

d. Give a one-sentence solution to the problem.

i

. Consider the following problem: Given a point A and a line %, what is the

locus of points 3 ¢m from A and 1 cm from £7?

a. The locus of points 3 ¢m from A is 7.

b. The locus of points 1 cm from k is

¢. Draw diagrams to show five possibilitics with regard to points that
satisfy both conditions (a) and (b).

d. Give a one-sentence solution to the problem.

?

Exercises 5-10 refer to plane figures. Draw a diagram of the locus. Then
write a description of the locus.

S
6.

10.

Point P lies on line {. What is the locus of points on ! and 3 ¢m {rom P?

Point @ lies on line . What is the locus of points 5 cm from @ and 3 cm
from [?

Points A and B are 3 cm apart. What is the locus of points 2 cm from both
A and B?

. Lines j and & intersect in point P. What is the locus of points equidistant

from j and %, and 2 cm from P?

. Given £ A, what is the locus of points equidistant from the sides of 2 A

and 2 cm from vertex A?

Given ARST, what is the locus of points equidistant from RS and RT and
also equidistant from R and §7

In Exercises 11-14 draw diagrams to show the possibilities with regard to
points in a plane.

11.

12.

13.

14.

Given points € and D, what is the locus of points 2 cm from € and 3 cm
from D?

Given point £ and line &k, what is the locus of points 3 cm from E and
2 cm from k7?7

Given a point A and two parallel lines j and %, what is the locus of points
30 cm from A and equidistant from j and k?

Given four points P, 2, R, and §, what is the locus of points that are
equidistant from P and Q and equidistant from R and 57




Exercises 15-19 refer to figures in space. In each exercise tell what the locus
is. You need not draw the locus or describe it precisely.

Example Given two parallel planes and a point A, what is the locus of

points equidistant from the planes and 3 cm from A?

Solution The locus is a circle, a point, or no points.

15,

16.

17.

18.

19.

20.

21.

22.

23.

Given plane Z and point B outside Z, what is the locus of points in Z that
are 3 cm from B?

Given plane Y and point P outside ¥, what is the locus of points 2 cm
from P and 2 cm from ¥?

Given AB 1 plane Q, what is the locus of points 2 cm from AB and 2 cm
from Q7

Given square ABCD, what is the locus of points equidistant from the
vertices of the square?

Given point A in plane Z, what is the locus of points 5 ¢m from A and
d cm from Z? (More than 1 possibility)

Given three points, each 2 cm from the other two, draw a diagram to show
the locus of points that are in the plane of the given points and are not
more than 2 cm away from any of them.

Points R, S, 7, and W are not coplanar and no three of them are collinear.

a. The locus of points equidistant from R and § is _*_.

b. The locus of points equidistant from R and T is _7_.

¢. The loci found in parts (a) and (b) intersect in a 7, and all points
in this _?_ are equidistant from points R, §, and T.

d. The locus of points equidistant from R and W is _*_.

e. The intersection of the figures found in (¢) and (d) is a ? . This
_?_is equidistant from the four given points.

Can you locate four points J, K, L, and M so that the locus of points
equidistant from J, K, L, and M is named below? If the answer is ves,
describe the location of the points J, K, L, and M.

a. a point
b. a line

c. a plane
d. no points

Assume that the Earth is a sphere. How

many points are there on the Earth’s surface

that are equidistant from

a. Houston and Toronto?

b. Houston, Toronto, and Los Angeles?

¢. Houston, Toronto, Los Angeles, and
Mexico City?

Constructions and Loci [ 409
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24. A mini-radio transmitter has been secured to
& bear. Rangers D, E. and F are studying the
bear’s movements, Rangers 2 and E can receive
the bear’s beep at distances up to 10 km, ranger
F at distances up to 15 km.

Draw a diagram showing where the bear might
be at these times:

a. When all three rangers can receive the signal

b. When ranger F suddenly detects the signal
after a period of time during which only
rangers D and E could receive the signal

¢. When ranger 0 is off duty, and ranger F
begins to detect the signal just as ranger E
loses it

| Challenge.

Given ZE it is possible to construct the
midpoint M of AB using only a compass /s i -
(and no straightedge). Study the diagram ' h
unti] you understand the procedure. Then
draw AB, about 10 c¢m long, construct its
midpoint M as shown, and prove that M
is the midpoint. A ——

el
=

10-8 locus and Construction

Sometimes the solution to a construction problem depends on finding a point
that satisfies more than one condition. To locate the point, you may have to
begin by constructing a locus of points satisfying one of the conditions,

Example Given the angle and the segments shown, construct AABC with m/ A = n,
AB = r, and the altitude to AB having length 5.




Solution

It is easy to construct £ A and side AB.
Point C must satisfy two conditions: C

must lie on A_Zi and C must be s units
from AB. The locus of points s units
from AF is a pair of parallel line,:;_.> Only
the upper parallel will intersect AZ. We
construct that parallel to AB as follows:

ol
1. Construct the perpendicular to AB at
any convenient point X.

2. Mark off s units on the perpendicular
to locate point Y.

=
3. Construct the perpendicular to XY at
Y. Call it YW.
- —r .
Note that all points on YW are s units
- -
from AB. Thus the intersection of YW

and AZ is the desired point C. To
complete the solution, we simply draw

CB.

Classroom Exercises

Constructions and Loci | 411

1. The purpose of this exercise is to analyze the following construction

problem:

Given a circle and a segment with length &, inscribe in the circle

an isosceles triangle RST with base RS k units long.

#. Suppose R has been chosen. Where must § lie so that RS
equals £? (In other words, what is the locus of points k units
from R?) o

b. Now suppose RS has been drawn. Where must 7 lie so that
RT = ST? (In other words, what is the locus of points equidistant
from R and §7)

¢. Explain the steps of the construction shown.

(1

{2)

d. Explain two different ways to finish the construction.

(3

o
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2. Two different solutions, both correct, are shown for the following construction
problem. Analyze the diagrams and explain the solutions.

Given segments with lengths r and s, construct AABC with m/ C = 90,
AC = r, and AB = s,

*»r— - -
C -
T - :
/ B ’__,--""
| % 1 -
¥ | == v =
I | B H [
First solution Second solution
SRR NS R - A A o O S B iy A AR SR E R s e

Written Exercises
Exercises 1-4 refer to plane figures.

A 1. Draw any AB and a segment with length #. Use the following steps to
construct the locus of points P such that for every AAPB the altitude from
P 1o AB would cqual 4. 1 B
a. Construct a perpendicular to AB.

b. Construct two lines parallel to AB, h units from AB.

2. Begin each part of this exercise by drawing any CD. Then construct the
locus of points P that meet the given condition.
a. ZCDP is a right angle.
b. £ CPD is a right angle. (Hint: See Classroom Exercise 2.)

On your paper draw a segment roughly as long as the one shown. Use -
it in Exercises 3 and 4.

3. Draw an angle XYZ. Construct a circle, with radius a, that is tangent to
the sides of / XYZ. (Hint: The center of the circle will be a units from
the sides of 2~ XYZ.)

4. Draw a figure roughly like the one shown. Then construct
a circle, with radius @, that passes through N and is tangent Ne
to line k. (Hins: Construct the locus of points that would, b
as centers, be the correct distance from 4. Also construct
the locus of points that would, as centers, be the correct
distance from N.)
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On your paper draw an angle and three segments roughly like those shown.
Use them in Exercises 5—19. You may find it helpful to begin with a sketch.

10.

11.

12.

13.

14.

15.

17.

18.

19.

Construct AB so that AB = ¢. Then construct the locus of all points C so
that in AABC the altitude from C has length r.

Construct AB so that AB = . Then construct the locus of all points C 50
that in AABC the median from C has length s,

. Construct isosceles AABC so that AB = AC = ¢ and so that the altitude

from A has length s.

Construct an isosceles trapezoid ABCD with AB the shorter base, with
AB = AD = BC = ¢, and with an altitude of length r.

. Construct AABC so that AB = ¢, AC = 5, and the median to AB has

length .

Construct AABC so that m/ A = mZB = n, and the altitude to AB
has length s.

Construct AABC so that m/ C =
AB has length s.

Construct AABC so that AB = s, AC = 1, and the altitude to AB has
length r.

Construct AABC so that AB = ¢, and the median to AB and the altitude
to AB have lengths s and r, respectively.

90, m/ A = n, and the altitude to

Construct a right triangle such that the altitude to the hypotenuse and the
median to the hypotenuse have lengths » and s, respectively.

Construct both an acute isosceles triangle and an obtuse isosceles triangle
such that each leg has length s and each altitude (o a leg has length r.

Construct a square whose sides each have length 4s. A segment of length
35 moves so that its endpoints are always on the sides of the square.
Construct the locus of the midpoint of the moving segment.

Construct a right triangle such that the bisector of the right angle divides
the hypotenuse into segments whose lengths are r and s.

Construct an isosceles right triangle such that the radius of the inscribed
circle is r.

Construct AB so that AB = ¢. Then construct the locus of points £ such
that m ZAPB = n.
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Self-Test 3

Describe briefly the locus of points that satisfy the conditions.

1.

In the plane of two intersecting lines j and &, and equidistant from the lines
In space and ¢ units from point P
In space and equidistant from points W and X that are 10 cm apart

- In the plane of £ DEF, equidistant from the sides of the angle, and 4 cm
—_—

from EF

In the plane of two parallel lines s and ¢, equidistant from s and ¢, and
4 cm from a particular point A in the plane (three possibilities)

Construct a large isosceles ARST. Then construct the locus of points that
are equidistant from the vertices of ARST.

. Draw a long segment, BE‘, and an acute angle, £ 1. Construct a right

triangle with an acute angle congreent to 2 1 and hypotenuse congruent to
BC.

ESE (/e Nine-Point Circle

Given any AABC, let H be the intersection of the
three altitudes. There is a circle that passes through

the

Key steps of proof:

1.
2.

. Because £ XSM and £ YTN are right angles, the

XLMZ is a rectangle.
. The circle circumscribed about XLMZ has

. Because / XSM and £ ZRL are right angles, the

se nine special points:

midpoinis L, M, N of the three sides

points R, S, T, where the three altitudes of the
triangle meet the sides

midpoints X, Y, Z of m, H_B HC

XYMN is a rectangle.
The circle circumscribed about XYMN has
diameters MX and NY.

circle contains points $ and T as well as X, ¥,
M, and N,
diameters MX and LZ.

circle contains points S and R as well as X, L.,
M, and Z.
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7. The circle of Steps 1-3 and the ircle of Steps 4-6 must be the same circle,

because MX is a diameter of both circles.

8. There is a circle that passes through the nine points, L, M, N, R, 8, T, X,

Y, and Z. (See Steps 3 and 6.)

One way to locate the center of the circle is to locate points X and M, then
the midpoint of XM.

Exercises
1.

Test your mechanical skitl by constructing the nine-point circle for an acute
triangle. (The larger the figure, the better.)

. Repeat Exercise 1, but use an obtuse triangle.

. Repeat Exercise |, but use an equilateral triangle. What happens to some

of the nine points?

. Repeat Exercise 1, but use a right triangle. How many of the nine points

are at the vertex of the right angle?

. Prove that XYMN is a rectangle. Use the diagram shown for Steps 1-3

of the key steps of proof. (Hint. Compare NM with AB and NX with CR.)

. What is the ratio of the radius of the nmine-point circle to the radius of the

circumscribed circle?

1.

e e = ——— . — —_____

Chapter Summary

Geometric constructions are diagrams that are drawn using only a straightedge
and a compass.

2. Basic constructions:

(1) A segment congruent to a given segment, page 375
(2) An angle congruent to a given angle, page 376
(3) The bisector of a given angle, page 376
(4) The perpendicular bisector of a given segment, page 330
(5) A line perpendicular to a given line at a given point on the line,
page 381
(6) A line perpendicular to a given line from a given point outside the
line, page 381
(7) A line parallel to a given line through a given point outside the line,
page 382
(8) A tangent to a given circle at a given point on the circle, page 392
{(9) A tangent to a given circle from a given point outside the circle.
page 393
(10) A circle circumscribed about a given triangle, page 393
(11) A circle inscribed in a given triangle, page 394
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(12) Division of a given segment into any number of congruent parts,
page 396

(13) A segment of length x such that ¢ = < when segments of lengths g,
X

g
b
b, and ¢ are given, page 397
(14) A segment whose length is the geometric mean between the lengths

of two given segments, page 397

3. Every triangle has these concurrency properties:

(1) The bisectors of the angles intersect in a point that is equidistant from
the three sides of the triangle.

(2) The perpendicular bisectors of the sides intersect in a point that is
equidistant from the three vertices of the triangle.

(3) The lines that contain the altitudes intersect in a point.

(4) The medians intersect in a point that is two thirds of the distance
from each vertex to the midpoint of the opposite side.

4. A locus is the set of all points, and only those poinis, that satisfy one or
more conditions.

5. A locus that satisfies more than one condition is found by considering all
possible intersections of the loci for the separate conditions.

Chapter Review

In Exercises 1-3 draw a diagram that is similar to, but larger than, the one
shown. Then do the constructions, X

1. Draw any line m. On m construct ST such that ST = 3XY.
2. Construct an angle with measure equal to m2X + m/ Z.
3. Bisect 2 Y.

Use a diagram like the one below for Exercises 4-7,

L
o3

A &

o1 ]

4. Construct the perpendicular bisector of AB.
5. Construct the perpendicular to AC at C.
6. Construct the perpendicular to AC from D).
7. Construct the parallel to AC through F.

10-1

10-2




8. The _' of a triangle intersect in a point that is equi- M
distant from the vertices of the triangle.

9, The _”_ of a triangle intersect in a point that is equi- o
distant from the sides of the triangle. : "

10. If MR = 12, then MP = _°
11. OR:RO = _’_ (numerical answer)

N TP
Exs. 10, 11

Draw a large ©0. Label a point F on OO and a point G outside 0.

12. Construct the tangent to OO at F.

13. Construct a tangent to OO from G.

14. Draw a large acute triangle. Find, by construction, the center of the circle
that could be inscribed in the triangle.

15. Draw a large obtuse triangle. Construct a circle that circumscribes the
triangle.

Draw segments about as long as those shown below. In each exercise, construct
a segment with the required length £.

a 4] c

L e - * L g

16. * = bc 17. at = be 18. t = 4(a + B)
19. Given two paralle! lines / and m, what is the locus of points in their
plane and equidistant from them?

20. Given two points A and B, what is the locus of points, in space, equidistant
from A and B?

21. What is the locus of points in space equidistant from two parallel planes?

22. What is the locus of points in space that are equidistant from the vertices
of equilateral AHJK?

23. Points P and Q are 6 cm apart. What is the locus of points in a plane
that are equidistant from P and Q and are 8 cm from P? Sketch the locus.

24. Point R is on line /. What is the locus in space of points that are 8 cm
from / and 8 cm from R?

25. What is the locus of points in space that are 1 m from plane Q and
2 m from point Z not in Q? (There is more than one possibility.)

Use the segments with lengths a, b, and ¢ that you drew for Exercises 16-18.

26. Construct an isosceles right triangle with hypotenuse of length a.

27. Construct a ARST with RS = a, RT = ¢, and the median to RS of
length b.

10-4

10-5
10-6

10-7

10-8
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Chapter Test

Begin by drawing segments and an angle roughly like those shown.

¥

- Y o s : . ]
1. Construct an isosceles triangle with vertex angle congruent to # 1 and legs
of length :z.
2. Construct a 30°-60°-90° triangle with shorter leg of length y.
3. Construct a segment of length y/xy.
4. Construct a segment of length 5(y + 2z).
5. Construct a segment of length n such that = = 2.
Z n
6. Draw a large circle and a point K not on the circle. Using K as one ver-
tex, construct any triangle that is circumscribed about the circle
7. Draw a large triangle and construct the circle inscribed in the triangle.
8. In a right triangle (a) the _?_ of the triangle intersect at a point on the
hypotenuse, (b) the _*__ intersect at a point inside the triangle, and (c) the
aititudes of the triangle intersect at a __ of the triangle.
9. An isosceles triangle has sides of length 5, 5, and 8.

10.

11.

12,

a. What is the length of the median to the base?
b. When the three medians are drawn, the median to the base is djvided
into segments with lengths _ 7 and _7

Given points R and § in plane Z, what is the locus of points (a) in Z and
equidistant from R and S and (b) in space and equidistant from R and §?
Given points T and ¢/ 8§ units apart, what is the locus of points, in space,
that are 6 units from 7" and 4 units from {/?

Draw a line { and a point A on it. Using y and z from Exercises 1-5,
construct the locus of points z units from { and vy units from A.
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Algebra Review: Evaluating Formulas

Evaluate each expression for the given values of the variables.

Example bk when b = 12 and h = 613 Solution  3(12)(6V/3) = 36\/3
1. Area of a square: s° when s = 1.3
2. Length of hypotenuse of a right triangle: V @’ + b* whena = 15 and b = 20

3. Perimeter of parallelogram: 2x + 2y when x = % and y = %
4. Perimeter of triangle: @ + b + ¢ when @ = 11.5, b = 7.2, and ¢ = 9.9
5. Area of a rectangle: lw when [ = 24/6 and w = 3V/3
6. Perimeter of isosceles trapezoid: 2r + 5 + t when r = g, s=1,and ¢t = %
7. @r® when r = 30 (Use 3.14 for m.) 8. lwh when | = 8, w = 6, and h = 3
9. 2w + wh + ihywhenl = 4.5,w =3, 10, > whenx = 3andy = —4

and A = 1 Y2
11.x+5whenx=—2andy=—4 12.mx+bwhenx=—6,m=g,

y— 2 2

and b = —2

13, 67" when t = 3 14. (61)* when t = 3
15. h(a + b) when h = 3, a = 3V2, 16. Vix — 57 + (v — 3) whenx = |

and b = 7V2 and y = 0
17. L% when x = 4V3 and h = 6 18. 25 + 4sh when s = V6 and & = V6
Use the given information to rewrite each expression.
Example  Bh when B = irs Solution Bh = (3rs)h = 2rsh
19. c(x + yywhenx +y = d 20. $Bh when B = ar® 21. tpl when p = 27r
22, 2(/ + w) when I = s 23. 4ar’ when r = 3d 24. niisa) whenns = p

and w = s
Solve each formula for the variable shown in color.
Example y=mx + b Solution y — b = mx;

x =1 b, m# 0
m
25. ax + by =¢ 26, C = wd 27. § = (n — 2)180  28. x* + o=t
29. % - b 30. a* + i = (@V2?® 3. A = bbi 32, m = H—;
¥ X =
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Preparing for College Entrance Exams

Strategy for Success

Often the answer to a question can be found by wnting an equation or

inequality and solving it. When a « omplete solution 15 ime-consuming,
‘ you may find that the tastest way to answer the question is to test the

suggested answers in your equation or irveguality.

Indicate the best answer by writing the appropriate letter.

1. AB and AC are tangent to OO at B and C. If mBC = x, then m £ BAC =
(A) x (B) 180 — x (C) 360 — x (D) 180 + x (F) ix
2. If quadrilateral JKLM is inscribed in a circle and 2 J and £ K are sup-
plementary angles, then £ J:
(A) must be congruent to /L (B) must be a right angle
(C) must be congruent to # M (D) must be an acute angle
(E) must be supplementary to £ M

3. In OM, chords RS and TU intersect at X. If RX = 15,
XS = 18, and TX: XU = 3:10, then XU = v
(A) 3 (B) 9 (C) 2033 (D) 2575 (E) 30
4. If mXW = 60, mWZ = 70, and mZY = 70, then
m/ 1 = X r4
(A) 45 (B) 50 {C) 60 (D) 65 {E) 70
5. If VW = 10, WX = 6, and VZ = §, then Z¥ =

{A) 4.8 (B) 12 (C) 7.5 (D) 20 (E} 16 Y Exs. 4,5

6. Given AABC, you can find the locus of points in the plane of AABC and
equidistant from AB, BC, and AC by constructing:

(A) two medians (B) two altitudes (C) two angle bisectors
(D) the perpendicular bisectors of two sides {E) the circumscribed circle

7. To construct a tangent to DR from a point § outside OR, yon need to
construct:

(A) the perpendicular bisector of RS

(B) a perpendicular to RS at the point where RS intersects OR
(C) a diameter that is perpendicular to RS

(D) a perpendicular to RS through point §

(E) a 30°-60°-90° triangle with vertex S

8. The locus of points 6 cm from plane P and 10 cm from a given point J
cannot be:

(A) no points {B) one point (C) a line (D) a circle (E) two circles

9. The locus of the midpoints of all 8 cm chords in a circle of radius 5 cm is:
{A) a point (B) a segment (C) a line (D) a ray (E) a circle
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A

Cumulative Review: Chapters 1-10

Write always, somelimes, or never to complete each statement.

1. A quadrilateral _?_ has four obtuse angles.

2. Two isosceles right triangles with congruent hypotenuses are 2

congruent

3. If AC on OO and BD on OP have the same measure, then AC 1s
congruent to BD.

%

4. If two consecutive sides of a parallelogram are perpendicular, then the
diagonals are _7_ perpendicular.

5. If the lengths of the sides of two triangles are in proportion, then the
congruent.

6. The tangent of an angle is " _ greater than 1.

7. A triangle with sides of length 2x, 3x, and 4x, acute.

8. Given a plane containing points A and B, the locus of pomts in the plane

that are equidistant from A and B and are 10 cm from A is ' one point.
Complete each statement in Exercises 9-12. B
9. If mAB = 80, mCD = 66, and mDA = 70,

then m L ASD = . A
10. If BS = 12, 8D = 6, and AS = 8, then SC =
11. IfFRD = 9 and DB = 16, then RC = __. C 2
12. If mAB = 80, mCD = 66, and mDA = 70,

then mzZR = _1 . R

13. Draw a large AMNP. Construct 2 AXYZ congruent to AMNP.

14. Describe the locus of points in space that are 4 cm from plane X and
8 cm from point J.

15. ADEF is a right triangle with hypotenuse DF. DE = 6 and EF = 8.
a. If EX 1 DF at X, find DX.
b. If ¥ lics on DF and EY bisects £ DEF, find DY.

16. If each interior angle of a regular polygon has measure 160, how many
sides does the polygon have?

17. Given: QO; m2 1 = 45 18. Use the given diagram to prove that
Prove: AQPQ is a 45°-45°-90° A, WX - YV = XV - ZY.
P X i

y
P \

Q £

19. Draw AB. Construct any rectangle with a diagonal congruent to AB.



